QUESTIO, vol. 21, 1i 2, p. 273-291, 1997

STATISTICAL ANALYSISOF THE GENERALIZED
ADDITIVE SEMIPARAMETRIC SURVIVAL MODEL
WITH RANDOM COVARIATES

V. BAGDONAVICIUS*
University of Vilnius

M. NIKULIN **
University of Bordeaux-2

Generalizations of the additive hazards model are consideredngsgs of
the regression parameters and baseline function are proposed, eadvan
riates are random. The asymptotic properties of estimators arsidered.

Keywords: Generalized additive model, semiparametric models, survival
analysis, regression parameters, baseline function, asympto-
tical analysis, additive hazards.

Clas caci on AMS: 60E15, 62F12, 62J99, 62P10

* V. BagdonaviCius. University of Vilnius, Lithuania. S@ev Mathematical Institute, St.Petersburg, Russia.
**M. Nikulin. University of Bordeaux-2, France.

— Atrticle rebut el juliol de 1996.

— Acceptat el marg de 1997.

273



1. INTRODUCTION

Models describing the dependence of lifetimes distributions on exjglgneaaria-
bles have been considered. A number of such models was proposed by Andersen,
Borgan, Gill and Keiding (1993), Cox and Oakes (1984), Dabrowska awidsiin
(1988), Droesbeke, Fichet and Tassi (1989), Kalbfleisch and Prentice)(198@&nd
Ying (1994),(1996), etc. BagdonaviCius and Nikulin (1994)-@pg8roposed a gene-
ral approach, which gives the possibility of formulating a numbereaf models and
showing where known models fit into the proposed new classes.

Suppose that a time to failur§ . is a nonnegative random variable with the
survival functionSy. t  P{Tx. t} which depends on a vector sfresses

X: 0 o —-BCR"

The time to failureTy . could be called the resource of this item. But the notion
of the resource should not depend n. So we will call the uniform resourceo
the random variabl® 1-S¢. Tyx. It takes values in the intervad 1 and
does not depend or - . Note thatTx. tifandonlyifR' 1-S¢. t. So
the number - S¢. t € 01 is calledthe uniform resource used until the moment t
under the stress x . The concrete item which failed at the momeninder the stress
x - used 1- S¢. t of the resource. Instead of the uniform resource one can define
a resource with any probability distribution, so we can consider alevhlass of
resources. Really, suppose tliais some fixed survival function, strictly decreasing
and continuous on the suppoath, —o<a b<w,Ga 1,Gb 0.H G
The functional

fe t (HoSc. )t

is called theG-transfer functional The survival function of the random variable
RC f)?, Tx. is G and does not depend on- . The random variabl&® is called

the G-resourceand the numbelf)‘f_ t is called theG-resource used till the moment

t. Denote byG the family of survival functions, continuous and decreasing on their
supports. Consider the class of transfer functiodidls {f¢ Ge G} Models will

be formulated in dependence on properties of the transfer functionats.tiNd some
assumptions may be satisfied by one transfer functional, but not eatisfi another.
This is the cause of considering thdole class of resources

In the case ofG t e*tlovoo t the transfer functional has the forlff t
—InS¢. t and the rate of resource use is
G
ofe t
ot
whereayx. t —-S  t S. t isthe hazard rate ofy . .

ay. t
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The additive hazards model (AHM) (see Andersen et al. (1993)) holds dn
there exist functiondg anda such that for alx - € E

ay. t apt axt

Now we generalize this model.

Denition. The G-generalized additive model holds on E if there exists a function
a - on E and a survival function ¢Ssuch that, for all x- € E, the transfer functional
G € o satisfies the differential equation

ofg t 3fSt
ot ot
with the initial conditons § 0 f¢ 0 0.

axt

1)

So the stress influences additively the rate of resource use. Equationplies
that

t
St G{fSt /axr dt}
JO

Let us consider some particular models different from AHM.

1. TakingGt  exp{—exp{t}}, fort € R, we obtain

ofg t ax. t At oot
ot Ayt ot Aot

where . .
Ax. t /ax.rdr Aot /aordr
0 0
are the cumulated hazards rates. So we have the model:
Oy . t (0] t
Ax. t Aot
2. TakingGt 1 1 t,fort>0,we obtain

axt

Oy . t (Xot

Sk. t St

axt

3. TakingGt 1 1 ¢ ,forteR! we obtain

Oy . t Got

1-S. t 1-St

axt
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4, TakeGt 1-®dInt t>0, whered - is the normalN 0 1 cumulative
distribution function. In terms of survival functions we obtalretmodel :

t
o l1-5 t In{/ axT di expdl1-St }
0

5. TakingG &, we obtain

Sk. t So{/otcxr dr}

whereo x t 1 axt . Itis theaccelerated life model
Other distributions of the resource can be taken.

So a number of alternatives to the AHM is proposed. For example, if at the
beginning of life data follow well the AHM but later it is not so, theodel of
example2 could be choosed. On the contrary, if at the beginning of life data do no
follow the AHM but at the end of life this model suits well, the modélexample3
could be choosed.

2. ESTIMATION

2.1. Notations

Consider the model (1) with some specifiécand an unknown baseline survival
function &.

The functiona x - is parametrized as follows:
axt y'xt

wherey y1 Yy, ' is the vector of unknown regression parameters. So the follo-
wing model is considered: for ald - € E

@) St G{H St /OtyTXTdT}

Suppose that individuals are observed and assume that the vector of covariates
for theith individual is a random proces§ - Xi1 - Xim - T.

Denote byN; t the univariate counting processes. This process counts the num-
bers of observed failures of each individual in the inter@at t > 0. Denote by
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Y; t the numbers of individual “ at risk” (non-censored and non-failed jur to
t for eachi.

Suppose thaf % t > 0} is the filtration generated by
{NNs ¥is Xs i 1 n0<s<t}

X; are predictable and the intensiti®s given by
1
Ai t lslimOEP{Nit e -Nt >1% }
exist. In this case the compensators of the counting procédesare
t
At / Ai sds
0

Assume that the random intensitigssatisfy themultiplicative intensity model

(3) Ai t ay, . tYt

Denote

n n n
N t ZiNit Yt ZlY|t Nt zil\it M; t Nt —Aj t
i i i

n GI
M t iZ\Mit Js 1Ys O a S Y aoH
The hazard rategy, . t have the form
4) ot ooy, .t l]JSXI t {HoS 't yTXit}

2.2. Estimating equation and estimator s Ho, ¥ and S(

From the Doob-Meyer decompositidh M A, equalities (3) and (4) imply
n
dNt dMt Zwsxi_ t Yit{dH St y'X tdt}
i

and

tJudMu
o SO yu

/tJu dNu -S° y udu
0

t
JudH
SO yu /0 ! = u
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where

s? yu i\ﬁuwsxi. u

n
s’ yu ZIYiULIJSXi' u vy Xu

Under some mild assumptioh$ is a martingale, therefore

t _ g0 t
(5) E/Ju dNuo S, yudu E/JudHSou
0 SY yu 0
IfYt O, then
t
6) /JudHSou H St
0

Equalities (5) and (6) imply that a reasonable estimatdip t y  for Ho t
H St (still depending ory) is determined by the equation

dNu —~8° yudu
SO yu

R t
Hoty /OJU

where

n
SO yu YuaHuy §°
iZl |

n
yu YuaH uy yXu
2,
u ~ ~ u
Hiuy Hou /OVTXdeT Hiuy Hou—y /OyTXdeT

Denotet® supf{t:Y t 0}. Suppose that at the non-random monmeat0 « all
the individuals are censored, i.&}, < 1. We propose to estimate the paramstéy
solving the estimating equations

uyt O

where the estimating function is given by the formula below
n t ~ ~
Uyt Z/Juxiu{dNu—YiuaHiuydHiuy}
4o

Those equations generalize the estimating equations of Lin and Yingt I89the
additive hazards model (takirg p = 1).

278



If we denote byy the estimator ofy, i.e. U y1 0, then the estimator of the
functionHg t is

() Hot Hot§

and the estimator of the survival functi@ . t under any covariatg - is
~ - t
(8) St G{Hot /VTxudu}
JO

Let

a1

n
S* yu XiuYuaHiuy
2,

n
8' yu Z\XiuYiual:liuy v X u
i

=1
Evyu S _yu
SO yu
Then the estimating functiod yt can be written
€)
n t - ~
Uyt Z/Ju{xiu—Eyu}{dNu—YiuaHiuyyTXiudu}
i“/o
|

3. ASYMPTOTIC PROPERTIESOF THE ESTIMATORS

3.1. Asymptotic propertiesof the estimating function

Denote by||A|  sup j|aj| the norm of any matri, by y, the true value of the
parametey,

n
st yu XjuYuaHuy
2,

n
st yu leiuYiuaHiuy v X u
|

st yu

Evyu
¥ SO yu

n
S?2 yu ZlXiuXiTuYiuaHiu
i
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2

n
S° yu ZixiuXiTuYiuaHiuy
i

n
S3 yu Yuad Huy
2,
3 n
S” yu ZYi ua Houy y'Xu
i
Assumptions A

1. Negligibility conditions.
There exist a neighborhoddof y, and a scalar, vector or matrix functios$ ,
s0, st st s2,s%,s3,s3 suchthatfom 012

@)

1
sup [|=S™ vyt —s™ yt | Bo
Yerl,te 01 n

1
sup [|=8™ vyt —s™ yt 5o
Yer,te 01 n

(b) sO vy, - is bounded away from zero of T,

(c)s™ ..,s™ .. are continuous functions gfe I uniformly inte 0 1
and bounded o x 0 T.

Hht HST 00
3. o is a positive continuously differentiable 0@ c function,
4.
P{sup |Xjt| o} 1 forallij

te 0,1

) /tso yudHou s yudu
ot
0 s02yu

Lemma. Suppose that assumptions A hold. Then
~ D tdV u
Hoty —Hot] 2hyt /—
Vn[Ho ty ot]=hy Jo by u as n— o

where V is the Gaussian martingale with
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EVt 0 and CovVt Vs G%tAs

t
hyt eXp{/osolyu (s3yudHou s> yudu)}

Proof: Consider the difference:

~ t —NO
Vh[Hoty —Hot | \/ﬁ{/OJUdNu~ S yUduHo'E}

SO yu
t
vn /Ju
0

0 _&0 _
~dMu S yu S yudHou s? yu g0 yud
SO yu SO yu SO0 yu

Note that 1
&0 <0
%[S yu —S yu}
10 A
ﬁZlYiua’{Hiuy}\/ﬁ[Hou—y—Hou] op 1
i
} yuynHou-y Hou o0p1l
Similarly
1 120 0
%[S* yu-s®yu]
s yuyn[Fou—y —Hou] op1
and
n 1 on 1
SO yu sOyu P
So

A tJudMu
AlFoty —Hot ] / -
Vn[Ho ty —Ho va S0 yu

s3 yudHou s* yudu
sO yu

t ~
/O\/H[Houfnyou] op 1

Note that the predictable variation

S0%t

tJudMu t SO yudHou S° yudup
J
\/_/ S0 yu n/ ! S02yuy
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and

t
/Ju~ d I{LJU\/ﬁ
Jo S02vyu SO yu

By Rebolledo’s theorem (see Andersen et al (1993)) we obtain the convergence

s}(SO yudHou S?° yudu)io

t
\/_/JudMu Bvt as noo
SO yu

Then oy
- D u
\/ﬁ[HotV*Hot]—th/Om as n— o

The proof is completed.

Corollary. Under assumptions A

~ t
(10) Vn[Hoty —Hot] hvtﬁ/hJUdMu

—— 0p 1l
ohyusS9 yu P

Consider the asymptotical distribution of the score functiby, T . The Doob-
Meyer decomposition and equality (9) imply

1 1 . 1
%Uyot %U Yot 7ﬁAy0t

opl

where
1 12t 1
—U" y t — /J Xiu —E _
vn Yo \/ﬁizl'o L Yo ! hVoUSOVou><
n t
Z{/JSXiSEVOSG,HjSV hyysYjsx
ft/u
(11) (dHos  Y§Xj sds)]}dM; u
and
1 t ~
7ﬁAyot —/OJsEyostyodes
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t 5 -
/Js EvoS —Evys S° vps-S° ygs dHo s
0
t ~ .
/Js EVos EYos {aH sy, —aH s }yX sYsds
0

Thus the problem is to prove th%u* Yo t converges to a Gaussian martingale
and %A Yo t converges to 0 in probability.

The integral (11) is a local martingale as an integral of a locally boundedigr
table process with respect to a martingale, so the central limit theoremaftingales
(Rebolledo’s theorem, see Andersen et al. (1993), p.83) can be appliedimihe
process ofﬁu* Yot would be a Gaussian martingale if the predictable covaria-

tion process n~Y2U*  y,t would converge to some non-random matrix and
the generalized Lindenberg condition would be satisfied. Note that #gwigtable
covariation process

1 t 1
—1/2p = = . -
n—/<U Yot nEI/()Ju{X.u Eyu

— X
hyouS® you
®2
t
Z[/UXJ'S—EYOSC(/HJSY hyysYjs (dHo s yngsds)}} X
- .

(12) YuaH uy [dHou yiXi udy

Hence to obtain the limit distribution O%U* Yo t the assumption that the

process (12) converges in probability to some non-degenerate normmamedrix
must be made. Note that this process has the fbifi 1 & t and if the covariates
Xi - are not behaving in some strange way (increasing very quickly and soha), t
convergence is natural.

Therefore we formulate

Stability condition:
N2yt Byt
whereX y, t is non-random and non-degenerated matrix.

Theorem 1. Suppose that assumptions A and the stability condition hbken, as
n— oo
Y20y 1 BNOZy,T
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Proof: It is sufficient to prove that the Lindenberg condition is satisfied. dden

1

H; J iu Byt ————
i u u{Xiu-Evy Yo USY v U

Nt
Z/ Xis—EyysaHjsy hysYjs (dHSs yngsds)}
]1'u

whereE, y, s is alth component of the vectdf y, s. The Lindenberg condition
in our case is

1 t 2 1 P
ﬁIz/OH” WH I Hiu | eY i s s o

But it is obvious as by assumptions of the theorddinu are bounded or0 T and

T
/aisds 00
0

By Rebolledo’s theorem
n Y20 1 BNOZ T

The termn~1/2A converges in probability to zero. It can be seen similarly as in
BagdonaviCius & Nikulin (1996) by applying Lenglart’s inequality.

The proof of the theorem 1 is completed.

3.2. Asymptotic properties of the estimator .

Let
st yu

eyu
¥ sO yu

n u
s* yu Zi{Xiu—Eyu}Yiua’Hiuy /XiTTdTVTXiu
i Jo
Assumptions B
1. Negligibility condition:

sup }Sf yu fsf y u Ro

Yel te 0,T
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2. The matrix (o
1V T /{—eyouso Yo U dHo u
Jo oy

[5*4 You s? ygu —eyous”you]du}

is non degenerated.

Theorem 2. Suppose assumptions B and those of the Theorem 1 hold. Then there
exists a neighborhood @f, within which, with probability tending to 1 as+ , the
rootyofU y T  0is uniquely defined and

(13) 29—y, 3NO Syt

where
S2Vot  TitvotZyptItyt

Proof: Using the Taylor expansion af /2U y T aroundy, iny ¥, we obtain

10U v T\t _
(14) W2y (FEL) iy

wherey* is on the line segment betwegnandy,. Theorem 1 implies, that the
convergence (13) is proved if we prove that

10U y, T p . P
_ET?_)Z“’OT and ¥y,
We have
7}6Uyr
n oy
}n/TJugﬁ u{dMu YuaHuy dHy u
niZO dy V% i i iuy 0
- 10 gt .
Yuy'Xiu[aHuy —aHuy ]du} EZ/JU{Xiunyu}x
4o
|
Y u %al:liuy vV'Xiu aHiuy XiTu}du
Note that

n T .
:—LZl/JuiEyudMiu Po
N4 .Jo oy
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—n/TJugE uY ua Hu dHu—P>/T3e us® uydHo u
0 dy Y i iUy 0 any Y dHp
n T 0~ T R p
= /Ju&Equiquiu[aHiuy —a Huy Jdu>0

0
n T ~ 0 ~ T P T4
- /Ju{xiu—Eyu}Yiu—aHiuyyXiudu—>/s* y udu
0 oy 0
1n T ~ ~ T P
—Zl/Ju{Xiu—Eyu}YiuaHiuyyXiudu—>
ni 0

T
/ [52 yu —eyus? yu}du
0
Therefore

Uy
n oy

(15) Bsiyt
In the rest of the proof we follow Lin and Ying (1996). By assurops of the
theorem, for anye 0, we can choos® 0 such that for alh

10
||nay _naUyOTH €

wheneverly—yl| . On the other hand the convergence (15) implies that

(16) P{ sup

Iy yu<a”7na Uyt —Ziytl 2}-0
o

asn— o,

Now we apply the theorem about the inverse mapping, which states that iti €
RP is continuosly differentiable atp anddf up 0u is nonsingular, then there exist
Oy and gp that f is a one-to-one mapping B ug & , the ball centered of theg
with radiusdp andf Bug & DB f up € . As noted by Lin and Ying that result
holds simultaneously for a family of such functions with comndgrandeg as long
as their derivatives aip are sufficiently close. This result and (16) imply that there
exist 8; and & such thatn™!U - 1 is one-to-one mapping from thB yy;8; to
n~U By, & T, which containB n~U y, T € . Since

T
nlUyt —P>/ st uyy —euy, s® uyydHou ©
0

we have
P{0eBn U yyt;eg } -1 as now
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Therefore

P{y exists and is unique inBy, & } -1 and \75 Yo
Consider the equality (14). H — oo, then

10U vt
y*—P>yo and - a\c —P>Zlyot

hence the convergence (13). The proof of the theorem 2 is complete.

3.3. Asymptotic propertiesof Hp and S .

Now we will consider the asymptotic distribution of the estimaibthe function
Ho. Denote

o vt /tso YoudHou s2 y,udu
1Yo 0

1

H; Ju{Xju -E _
iYou u {X; u Yo U hyouSOyoux

n t
Z{/Js Xjs ~Eyys @ Hjs hyysY;s (dHos yXjsds|}
1 u

AssumptionsC  (Stability conditions)

1.

Z/SOI\:(/) aHyou Yu (dHou yiXi udu) BAyt
o u

t 0 1 0 &0 ¢
/OJU{&<W>{S YoudHou S y*udu}f
a (8° yu P

Theorem 3. Under assumptions C and those of Theorem 2 forall® 1

M2{Fot —Hot 1 3NO02y,t as noo
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where 3 A
Hot H St Hot Hoty

Yot Oiypt Cypt S2ypTC yot 20yt Sty TAYt

Proof: By Taylor expansion aroung, the random procesgn{Hpt —Ho t } can
be written in the following manner:

~ t ~
vVn{Hot —Hopt } nl/Z{/NJu Nu—S,f’?udu—Hot}

0 SO yu

t . t
n1/2{ _Ju dNu -8° vy, udu /()Ju%(#)dNu Y Yo

0S% ypu SO vty
S’ yu A
/Ju <S()W'J>duy—yo —Hot}
t dMu
1/2 -
(17) n/ {C yot y—yo /(;\] u W} Opl

wherey* is on the line segment betwegiandy,. Taking into account (15), we obtain
V29 vy Zitvytn YUyt opl
From theorem 1:
n T
nYyy,t nt? Z/ HiyoudMiu op1l
/o

Therefore the predictable covariation

*1/2 /H.youdMlu nl/Z/JudMiu
SO you

Z/ SO'\:;’ aHiyu Yu (dHou ygxiudu)—P>Ayot
O

The predictable variation

t 0 0
1/2/3 c(l)Mu n/JsS yosdH~§025 S y°SdS—P>o§y0t
S Yo U 0 SY%“yy s

Let
HiYou CyotZlygtHiyyu nJu S° yu
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Then N
\/ﬁﬂotfHot nfl/zzl/ Hii Yo u dM; u Opl
i 0
i

By assumptions of the theorem for all 0
1 n t 2 P
ﬁizl-/o Hi You l{|Hi you| €}Yiuojudu—=0

The asymptotic normality of/nHg t —Ho t follows from the theorem of Rebolle-
do. The proof of theorem 3 is complete.

Consider the asymptotic distribution of the estimagr of the survival function
Sx. t under any covariatg - . Denote

t
Cx Yot Cypt /xTudu g G
Jo

Theorem 4. Under assumptions of theorem 1

vid t St BN0o% as no o
where
%Yot {02Vot CxVotZ2VoTCkyot —
Cx Yot It Yo TAYt }g? H St

Proof: By Taylor expansion aroung we obtain (similarly as in the proof of theorem
3):
n/2H &t —H S t

- t
nl/Z{Ho ty, —Hot /OXT uduy—y, }

t dMu
1/2 -1
n {nyotzl YotUyT /()Juéoyou opl}
The proof of the asymptotical normality ¢fn H S.t —H S¢. t issimilar

to the proof of the asymptotical normality ¢fn H ég t —H St inthe theorem
3. So we skip it. The asymptotical normality gfn Sx. t —Sx. t is obtained by
the functional delta method. The proof is complete.
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Remark 1. Replacing all the theoretical quantities by empirical ones in the theorems
1-4, we obtain consistent estimates for the limiting covariance matfigénay — v,
and the limiting variances of

VhnHot —Hot and NS t —S. t
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