


120 The M/G/1 retrial queue: An information theoretic approach

This paper gives a survey on the application of information theoretic techniques for
the estimation of the performance descriptors of the M/G/1 queue with retrials. More
concretely, we use the principle of maximum entropy (PME) which provides an elegant
methodology for computing a unique estimate for an unknown probability distribution
based on information expressed in terms of some given mean value constraints.
Although we focus on the M/G/1 queue, the methodology can be easily extended
to other queueing models with retrials (see Artalejo and Martin (1994), Artalejo and
Gomez-Corral (1995) and Aissani and Smail (2003)) and without retrials (see Kouvatsos
(1994), Tadj and Hamdi (2001) and Wang et al. (2002)). For a review of other (non-
queueing) applications of the information theoretic methods, we refer the reader to the
book by Kapur (1989). As examples of more recent applications we mention the papers
by Smolders and Urbach (2002) in the context of x-ray fluorescence spectroscopy and
the paper by Oganian and Domingo-Ferrer (2003) published recently in this journal
where the reciprocal of Shannon’s entropy is used to measure disclosure risk in tabular
data.

The paper will be organized as follows. In Section 2 we describe the mathematical
model and summarize its main characteristics in terms of generating functions (discrete
characteristics) or Laplace transforms (continuous characteristics). A brief overview of
the maximum entropy formalism is given in Section 3. Then, the general theory is used
to get maximum entropy estimations of the limiting distribution of the system state
(Section 4), the length of a busy period (Section 5) and the waiting time (Section 6)
(see Falin et al (1994), Lopez-Herrero (2004) and Artalejo et al. (2002)). The numerical
experiments show the goodness of the maximum entropy solutions based on the first two
moments and the value of the generating function (respectively the Laplace transform)
at a given point.

2 The mathematical model

Primary customers arrive to a single server queueing system following a Poisson process
of rate A. Any customer finding the server busy is blocked and leaves temporarily the
service area. Such customers join a group of unsatisfied customers called orbit. We
assume that the access from the retrial group to the service facility is governed by
the classical linear policy, i.e., the probability of a repeated attempt during the interval
(t,t + Ar), given that j customers were in orbit at time ¢, is juAt + oA(t). The service
times follow a common distribution function B(x) (B(0) = 0), with kth moment 8 and
Laplace transform £(s). The input flow of primary arrivals, intervals between repeated
attempts and service times are mutually independent.

The system state at time ¢ can be described by means of the process X =
{(C(®),N(1),£(1)); t = 0}, where C(¢) denotes the state of the server, 0 or 1 according
to whether the server is free or busy, N(¢) is the number of customers in orbit at time
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t and, if C(¢r) = 1, then &(¢) represents the elapsed time of the customer being served.
In what follows, we neglect the component &£(¢) and consider only the pair (C(t), N(t))
which takes values on the state space S = {0, 1} x N. We assume that p = A8, < 1
so our queueing model is stable and the limiting probabilities P;; = lim,_,., P{C(?) =
i, N(t) = j}, (i, ) € §, exist and are positive. Then, their corresponding partial generating
functions P;(z) = Z;io Z/P;j, i € {0, 1}, are given by (see Falin and Templeton (1997)):

~ A (11 -B- )
Po(z) = (1 —p)eXp{—; z mdu}, (1)
1 -p1- A7)
Pi(z) = Bl-10 -2 /lz)—zPO(Z)' (2)

By routine differentiation of formulas (1)-(2) we get after some algebra the following
expressions for the partial moments mf‘ = Z;’;O jkP,» j,forie{0,1}andk =0,1,2:
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The busy period of the M/G/1 retrial queue, L, starts with the arrival of a primary
customer who finds the system empty and ends at the first departure epoch in which the
system becomes empty again. The analysis of L in terms of Laplace transforms leads to
the following expression

fL;(s) B(s + A4 — Au)
u
0 e(s,u)(B(s + A — Au) — u)
ij;,(s) du
0 e(s,u)(B(s + A — Au) — u)

L(s) = , >0, (7)

where L (s) represents the Laplace transform for the busy period in the standard retrial
queue without retrials given by L% (s) = B(s + 4 — AL% (s)) and e(s, u) is

I (“s+A1=-28(s+1—Av) ;
— Z < L .
e(s,u) = exp {,u , BT A— 1) —v dv}, O0<u<L,(s)
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