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1. Pearson’s goodness-of-fit test in the software analyzed

Table A1. Pearson’s goodness-of-fit test in the software analyzed

Software Chi-square Test Regroup

EXCEL
MicroSoft

Corporation

CHISQ.TEST Returns the p-value obtained from

Pearson’s chi-square statistic [1.]. If any expected

value is zero the error message ♯DIV/0! division

by zero♯ is displayed.

NO

GraphPad
GraphPad Software,

Inc

QuickCalcs. On-line. It computes the statistic keep-

ing the original observed and expected values, but

only warns about the violation of the requirement of

a minimum size of 5. If any of the expected values is

zero the test is not carried out.

NO

JMP
SAS Institute Inc.

Cary

If any expected value is zero, the chi-square statistic

is computed without taking this into account. It re-

ports the error but does not compute the p-value. If

the expected values or expected frequencies do not

add up to 1 it allows them to be rescaled.

NO

Mathematica
Wolfram Research,

Inc.

PearsonChiSquareTest is a function that computes

Pearson´s chi-square statistic but based on a method

due to D`Agostino and Stephens. In this method the

histograms of the observed and expected values are

compared, so it does not calculate the statistic in the

same way as Pearson. (Ross, 2015).

NO

MATLAB
The MathWorks Inc.

chi2gof: It computes the goodness-of-fit statistic. It

regroups the strata at the extreme of the tails but not

the intermediate ones. It allows the minimum size

requirement to be set by using the EMin option.It re-

turns the statistic value, the regrouped strata values,

and any other information required about the test.

YES but only

at the extreme

of the tails.

Minitab
Minitab Inc.

Mac: Statistics > Tables > Chi-Square Goodness-

of-Fit; PC: STATISTICS > Chi-Square Good-

ness-of-Fit. It warns that results may not be accurate

when the strata of expected values have sizes lower

than 5 and 1. It also gives information about the per-

centage of strata that do not satisfy the requirement.

The expected frequencies must be entered in place of

the expected values.

NO

continue on the next page
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https://support.office.com/en-us/article/CHISQ-TEST-function-2e8a7861-b14a-4985-aa93-fb88de3f260f
http://graphpad.com/quickcalcs/chisquared1/
http://mathematica.stackexchange.com/questions/5579/performing-a-chi-square-goodness-of-fit-test
https://es.mathworks.com/help/stats/chi2gof.html
http://support.minitab.com/en-us/minitab-express/1/help-and-how-to/basic-statistics/tables/chi-square-goodness-of-fit-test/before-you-start/overview/
http://support.minitab.com/en-us/minitab-express/1/help-and-how-to/basic-statistics/tables/chi-square-goodness-of-fit-test/before-you-start/data-considerations/


Software Chi-square Test Regroup

NCSS
NCSS, LLC

It does not inform about the minimum size reached

by some categories and does not display any error

message if it detects a zero expected value, given that

it does not consider such groups in carrying out its

calculations.

NO

PH-Stat
Pearson Education,

Inc.

Add-in in Excel for statistical analysis based on func-

tions written in Excel, so it has the same character-

istics. In the chi-square goodness-of-fit tests it dis-

plays an error message about the violation of the as-

sumption on the minimum expected frequency if it

does not reach a minimum of 1 or 5 (chi-square test

about difference between proportions), depending on

the cases.

NO

PSPPIRE
Free Software

Foundation, Inc.

Free software similar to SPSS, but it does not dis-

play any minimum size requirement error message as

SPSS does.

NO

R
The R Foundation

for Statistical

Computer

chisq.test: If there are strata with expected values

lower than 5, it reports that the results are not cor-

rect: ‘Chi-squared approximation may be incorrect’.

It there is a zero expected value, it does not com-

pute the statistic because of division by zero. The

statistic given by gofTest of the ENVStats is based

on chisq.tets.

NO

SAS-STAT
SAS Institute Inc.

The statement TABLES given in the procedure

PROC FREQ does not allow for zero expected values

in the option TESTF. It calculates the statistic show-

ing the percentage of bins with expected values lower

than 5 and it warns that the chi-square test results are

not valid.

NO

S-PLUS
TIBCO Software Inc.

Chisq.test works as in R, given that both use the same

language and many of the functions of S-PLUS.

The function chisq.gof in S-PLUS computes the

goodness-of-fit test, but for theoretical expected val-

ues given by the usual statistical distributions.

NO

continue on the next page
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https://stat.ethz.ch/R-manual/R-devel/library/stats/html/chisq.test.html
http://finzi.psych.upenn.edu/R/library/EnvStats/html/gofTest.html
https://support.sas.com/documentation/cdl/en/statug/63347/HTML/default/viewer.htm#statug_freq_a0000000658.htm


Software Chi-square Test Regroup

SPSS
IBM Corporation

and others

If any expected frequency is zero the test procedure

stops and reports this by telling the user that the ex-

pected values in each category must be at least 1 and

no more than 20 % of the categories may be lower

than 5. If any observed value is zero but the corre-

sponding expected value is not, the test is not com-

puted because it considers that there are fewer ob-

served categories than expected. It does not allow an

expected value for frequencies of less than 0.0001

NO

STATA
Estima Inc.

To compute the statistic it deletes the zero expected

values. To use the frequency tables (tabi, tab2, tab-

ulate), it demands integer values, because it requires

counts (absolute frequency), not relative frequencies.

NO

Statistica
Dell Inc.

It reports a problem if the total sum of observed val-

ues does not coincide with that of the expected val-

ues, but it does not warn about the problem of the

violation of the minimum size requirement.

NO

Stochastic

Simulation in Java.

SSJ 3.2.0 L´Ecuyer

et al. University of

Montreal

GofStat: It conducts Pearson´s goodness-of-fit test

with the possibility of regrouping the strata given a

minimum size required value to be set by the user.

This is done in two steps using the observed and ex-

pected values. It combines the functions Outcome-

CategoriesChi2 and regroupCategories.

YES

ViSta
F.W. Young.

XLISP-STAT L.

Tierney XLISP
version D. Betz

LispStat is no longer developed, because its creator

is now a member of the R core team of program-

mers. There is software based on XLisp-Stat, such

as ViSta, that warns about the existence of expected

frequencies lower than 6 and that the chi-square test

will not be valid.

NO

XLStatistics

R. Carr

XLStatistics is and add-in in Excel for statistical

analysis. It works with the functions given in Excel,

so it has the same problems: it does not warn about

the violation of the minimum size requirement and it

does not allow for zero expected values.

NO
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http://umontreal-simul.github.io/ssj/docs/master/classumontreal_1_1ssj_1_1gof_1_1GofStat_1_1OutcomeCategoriesChi2.html# details
http://archives.math.utk.edu/software/msdos/statistics/xlisp-stat/
http://www.uv.es/visualstats/Book/DownloadBook.htm
http://www.deakin.edu.au/~rodneyc/xlstatistics


2. Case 2. Mathematical procedure

max
nSUB

i

{

nSUB =

k
∑

i=1

nSUB
i

}

(1)

subject to:

χ
2(nSUB

1 , · · · ,nSUB
k ) =

catreg
∑

j=1

(n
SUB
j − n

exp
j )2

n
exp
j

≤ χ
2
(α,r) (2)

n
exp
i =

Ni

N
nSUB =

Ni

N

k
∑

i=1

nSUB
i (3)

0 ≤ nSUB
i ≤ Ni (4)

0 ≤ nSUB
i ≤ nRS

i (5)

nSUB
i ∈ Z;∀i = 1, . . . ,k (6)

with

nSUB: Subsample size.

nSUB
i : Size of category i from the subsample (observed values).

k: Number of strata on the variable of interest from which the stratification is made.

χ
2(nSUB

1 , . . . ,nSUB
k ): Chi-square goodness-of-fit test statistic. Its value depends on the size

of the regrouped strata.

n
exp
i : Expected value size of category i from the subsample. It depends on the relative

frequency of the population and the size of the subsample.

χ
2
(α,r): Critical value from the chi-square distribution with r degrees of freedom and a given

statistical significance level α fixed at 5%.

Ni: Size of stratum i from male pensioners classified as permanently disabled, given by

INSS (2014).

n
exp
j : Expected size of the regrouped category j from the sub-sample. It depends on the

relative frequency from the population and from the size of the subsample.

n
SUB
j : Proposed observed size for the regrouped stratum j from the subsample.

N: Total number of male pensioners classified as permanently disabled in the population

of pensioners given by INSS (2014).

catreg: Number of regrouped strata.

r = catreg−1: Degrees of freedom for the test, equal to the number of regrouped strata mi-

nus 1, given that in this case there are no parameters to be estimated because the population

distribution is known.

nRS
i : Size of category i from the post-stratification of the CSWL (Random Sample).

Z: Set of integer numbers.

Constraint (2) is intended to achieve a better fit of the extracted subsample than the original

(CSWL), given that it provides a value for the goodness-of-fit statistic that does not reject the null

hypothesis. Using the functions shown in Appendix 2 the statistic and the degrees of freedom

are calculated from the values of the automatically regrouped categories.
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Rule (3) establishes that the regrouped expected value of each category or stratum, in each

iteration, automatically adapts to the new size that the subsample can take.

Constraint (4) is set to prevent the outliers found in the CSWL. Given the procedure for

obtaining the CSWL, and given that it comes from administrative records, the processing date

of the CSWL is later than the one on which the Spanish Social Security Institute drawn up its

statistics (INSS 2014). Therefore, there might be strata in the CSWL with pensioners who do not

belong to the population because their benefits have been awarded retroactively. This constraint

can be ignored if the sample is really contained in the population.

Constraint (5) implies that the subsample must be contained in the CSWL and (6) requires

that the number of pensioners to be included in each stratum of the subsample be a natural

number (non-negative integer).
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3. Supplementary material. Codes in Excel (VBA) and Mathematica

Listing 1: VBA in Excel code. Chi-square statistic with regrouped strata

F u n c t i o n C h i Sq u ared Tes t C h i ( Observed As Range , Ex p ect ed As Range ,

Minimum As I n t e g e r ) As Double

' The o b serv ed and e x p e c t e d v a r i a b l e s a r e d e c l a r e d as c e l l r a n g e s

' and we u se t h e Minimum v a r i a b l e t o s e t t h e minimum number o f

' e l e m e n t s f o r each s t r a t a .

' S t a t e m e n t o f c h i v a r i a b l e and o b serv ed and e x p e c t e d f r e q u e n c y

' m a t r i c e s .

Dim c h i As Double

Dim FreqExp ( ) As Double

Dim FreqObs ( ) As Double

' C o r r e c t S e l e c t i o n o f Observed and Ex p ect ed Data Range

' By rows

ObservedRows = Observed . Rows . Count

ExpectedRows = Ex p ect ed . Rows . Count

' By columns

ObservedColumns = Observed . Columns . Count

ExpectedColumns = Ex p ect ed . Columns . Count

I f ObservedColumns <> ExpectedColumns Then

MsgBox ” I n c o r r e c t s e l e c t i o n ”

GoTo f i n a l

End I f

I f ObservedRows <> ExpectedRows Then

MsgBox ” I n c o r r e c t s e l e c t i o n ”

GoTo f i n a l

End I f

' R e s i z e t h e m a t r i c e s from t h e i r a c t u a l d i men s i o n a c c o r d i n g

' t o u s e r d a t a s e l e c t i o n

ReDim FreqExp ( ExpectedRows )

ReDim FreqObs ( ObservedRows )

' I n i t i a l i z a t i o n o f v a r i a b l e s t o co u n t s t r a t a o f minimum s i z e

Dim S t r a t a R e g r o u p e d As I n t e g e r

Dim l a s t As I n t e g e r

S t r a t a R e g r o u p e d = 0

l a s t = 0

a c c u m u l a t o r = 0

' I n i t i a l s t a t e m e n t o f a r r a y s o f r e g r o u p e d f r e q u e n c i e s f o r o b serv ed

' and e x p e c t e d v a l u e s . F r e q u e n c i e s t h a t w i l l r e s u l t f rom r e g r o u p i n g

' s t r a t a by r e q u e r i m e n t o f minimum s i z e .

Dim FreqExpReg ( ) As Double

Dim FreqObsReg ( ) As Double

' I n i t i a l a s s i g n m e n t o f Ex cel v a l u e s t o f r e q u e n c y a r r a y s ( e x p e c t e d

' and o b serv ed ) .

' Ex p ec t ed

ne = 0

For Each x In Ex p ect ed

ne = ne + 1

FreqExp ( ne ) = x . Value

Next x

' Observed

no = 0

For Each x In Observed

no = no + 1

FreqObs ( no ) = x . Value

Next x

' Grouping i n s t r a t a o f s i z e g r e a t e r t h a n o r e q u a l t o Minimum .

' P r e p a r e t h e a r r a y o f v a l u e s f o r s u b s e q u e n t a s s i g n m e n t t o t h e

' f r e q u e n c y m a t r i x o f t h e s t r a t a o f v a l i d s i z e .

' add t o t h e minor n e a r e s t . S t a r t : f i r s t

I f FreqExp ( 1 ) < Minimum Then

FreqExp ( 2 ) = FreqExp ( 2 ) + FreqExp ( 1 )

FreqObs ( 2 ) = FreqObs ( 2 ) + FreqObs ( 1 )

FreqExp ( 1 ) = 0

FreqObs ( 1 ) = 0

E l s e

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

l a s t = 1

End I f

For i = 2 To ObservedRows − 1
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I f l a s t > 0 Then

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( FreqExp ( i + 1 ) > FreqExp ( l a s t ) ) Then

FreqExp ( l a s t ) = FreqExp ( l a s t ) + FreqExp ( i )

FreqObs ( l a s t ) = FreqObs ( l a s t ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

E l s e I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( FreqExp ( i + 1 ) <= FreqExp ( l a s t ) ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

End I f

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( l a s t = 0 ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) > 0 ) And ( FreqExp ( i − 1 ) < FreqExp ( i + 1 ) ) Then

FreqExp ( i − 1 ) = FreqExp ( i − 1 ) + FreqExp ( i )

FreqObs ( i − 1 ) = FreqObs ( i − 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

l a s t = i − 1

E l s e I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) > 0 ) And ( FreqExp ( i − 1 ) >= FreqExp ( i + 1 ) ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

I f FreqExp ( i ) >= Minimum Then

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

l a s t = i

End I f

Next i

I f FreqExp ( ObservedRows ) < Minimum Then

FreqExp ( l a s t ) = FreqExp ( l a s t ) + FreqExp ( ObservedRows )

FreqObs ( l a s t ) = FreqObs ( l a s t ) + FreqObs ( ObservedRows )

FreqExp ( ObservedRows ) = 0

FreqObs ( ObservedRows ) = 0

E l s e

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

End I f

' C o n t r o l o f samp l e s i z e l e s s t h a n Minimum . No s t r a t a o f minimum s i z e .

I f S t r a t a R e g r o u p e d = 0 Then

MsgBox ”No s t r a t a o f minimum s i z e ”

GoTo f i n a l

End I f

' R ed i men s i o n o f t h e m a t r i c e s o f r e g r o u p e d f r e q u e n c i e s ,

' a f t e r knowing t h e number o f s t r a t a o f s i z e g r e a t e r o r e q u a l t o Minimum .

ReDim FreqExpReg ( S t r a t a R e g r o u p e d )

ReDim FreqObsReg ( S t r a t a R e g r o u p e d )

' Ass i g n men t o f f r e q u e n c y v a l u e s t o t h e f r e q u e n c y m a t r i c e s .

For i = 1 To ObservedRows

I f FreqExp ( i ) <> 0 Then

a c c u m u l a t o r = a c c u m u l a t o r + 1

FreqExpReg( a c c u m u l a t o r ) = FreqExp ( i )

FreqObsReg( a c c u m u l a t o r ) = FreqObs ( i )

End I f

Next i

' C a l c u l a t i o n o f t h e ch i−s q u a r e s t a t i s t i c

' C o n t r o l o f n u l l v a l u e s i n t h e m a t r i x o f e x p e c t e d r e g r o u p e d f r e q u e n c i e s

For j = 1 To S t r a t a R e g r o u p e d

I f FreqExpReg ( j ) = 0 Then

GoTo f i n a l

E l s e

' Summat ive i n ch i−s q u a r e fo rmu l a .

c h i = c h i + ( FreqObsReg ( j ) − FreqExpReg ( j ) ) ˆ 2 / FreqExpReg ( j )

End I f

Next j

' Ass i g n men t o f t h e v a l u e o f t h e c a l c u l a t e d s t a t i s t i c t o t h e

' C h i Sq u ared Tes t C h i f u n c t i o n .

C h i Sq u ared Tes t C h i = c h i

' ****************** Omi t t ed f o r i t e r a t i v e u se ( S o l v e r ) ******************
' V e r i f i c a t i o n : T o t a l o f o b serv ed v a l u e s i s e q u a l t o t h e t o t a l o f

' e x p e c t e d v a l u e s .

'

' Dim t o t a l o b s As Double

' Dim t o t a l e x p As Double

' For Each x In Observed

' t o t a l o b s = t o t a l o b s + x . Value

' Next x
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'

' For Each x In Ex p ect ed

' t o t a l e x p = t o t a l e x p + x . Value

' Next x

' I f t o t a l o b s <> t o t a l e x p Then

' MsgBox ” T o t a l o b serv ed d o es n o t match t o t a l e x p e c t e d ”

' E l s e

' End I f

'*************************************************************************

' I n i t i a l i z a t i o n o f f r e q u e n c y a r r a y s .

Erase FreqExp ( )

Erase FreqObs ( )

Erase FreqExpReg ( )

Erase FreqObsReg ( )

f i n a l :

End F u n c t i o n

Listing 2: Mathematica code. Chi-square statistic with regrouped strata

P e a r s o n T e s t C h i 2 [ o b s L i s t , e x p L i s t , m i n I n t e g e r ] / ;

Len g t h [ obs ] == Len g t h [ exp ] : =

Module[{ s t r a t a , l a s t , i } , { s t r a t a = Len g t h [ exp ] ;

obsSUB = obs ;

expSUB = exp ;

l a s t = 0 ;

{{I f [ expSUB [ [ 1 ] ] < min , {expSUB [ [ 2 ] ] = expSUB [ [ 2 ] ] + expSUB [ [ 1 ] ] ,

obsSUB [ [ 2 ] ] = obsSUB [ [ 2 ] ] + obsSUB [ [ 1 ] ] , expSUB [ [ 1 ] ] = 0 ,

obsSUB [ [ 1 ] ] = 0} , l a s t = 1]} , {For [ i = 2 , i <= s t r a t a − 1 , i ++ ,

{{I f [

l a s t > 0 , {{I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] >

expSUB [ [ l a s t ] ] ) , {expSUB [ [ l a s t ] ] =

expSUB [ [ l a s t ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ l a s t ] ] = obsSUB [ [ l a s t ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] <=

expSUB [ [ l a s t ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0}]}}]} , { I f [ ( expSUB [ [

i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] == 0 ) \[And ] ( l a s t ==

0 ) , {expSUB [ [ i + 1 ] ] = expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] < expSUB [ [ i + 1 ] ] ) , {expSUB [ [

i − 1 ] ] = expSUB [ [ i − 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i − 1 ] ] = obsSUB [ [ i − 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0 ,

l a s t = i − 1}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] >= expSUB [ [ i + 1 ] ] ) , {expSUB [ [

i + 1 ] ] = expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0}]} , { I f [ expSUB [ [ i ] ] >= min ,

l a s t = i ]}}]} , { I f [

expSUB [ [ s t r a t a ] ] <

min , {expSUB [ [ l a s t ] ] = expSUB [ [ l a s t ] ] + expSUB [ [ s t r a t a ] ] ,

obsSUB [ [ l a s t ] ] = obsSUB [ [ l a s t ] ] + obsSUB [ [ s t r a t a ] ] ,

expSUB [ [ s t r a t a ] ] = 0 , obsSUB [ [ s t r a t a ] ] = 0}]}};

ex p reg = {}; o b s r e g = {};

For [ i = 1 , i <= s t r a t a , i ++ ,

I f [ expSUB [ [ i ] ] >= min , {AppendTo [ ex p reg , expSUB [ [ i ] ] ] ,

AppendTo [ o b s r eg , obsSUB [ [ i ] ] ] } ] ] ;

c h i = N[ T o t a l [ ( o b s r e g − ex p reg ) ˆ 2 / ex p reg ] ]} ;

I f [ T o t a l [ exp ] != T o t a l [ obs ] ,

P r i n t [ ” T o t a l o b serv ed d o es n o t match t o t a l e x p e c t e d . ” ,

” Chi s t a t i s t i c ” , c h i ] , R et u rn [ c h i ] ] ]

Listing 3: VBA in Excel code. Number of regrouped strata

F u n c t i o n C h i S q u a r e d T e s t S t r a t a R e g ( Observed As Range , Ex p ect ed As Range ,

Minimum As I n t e g e r ) As Double

' The o b serv ed and e x p e c t e d v a r i a b l e s a r e d e c l a r e d as c e l l r a n g e s

' and we u se t h e Minimum v a r i a b l e t o s e t t h e minimum number o f

' e l e m e n t s f o r each s t r a t a .

' S t a t e m e n t o f c h i v a r i a b l e and o b serv ed and e x p e c t e d f r e q u e n c y

' m a t r i c e s .

Dim c h i As Double

Dim FreqExp ( ) As Double

Dim FreqObs ( ) As Double

' C o r r e c t S e l e c t i o n o f Observed and Ex p ect ed Data Range
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' By rows

ObservedRows = Observed . Rows . Count

ExpectedRows = Ex p ect ed . Rows . Count

' By columnas

ObservedColumns = Observed . Columns . Count

ExpectedColumns = Ex p ect ed . Columns . Count

I f ObservedColumns <> ExpectedColumns Then

MsgBox ” I n c o r r e c t s e l e c t i o n ”

GoTo f i n a l

End I f

I f ObservedRows <> ExpectedRows Then

MsgBox ” I n c o r r e c t s e l e c t i o n ”

GoTo f i n a l

End I f

' R e s i z e t h e m a t r i c e s from t h e i r a c t u a l d i men s i o n a c c o r d i n g t o u s e r d a t a

' s e l e c t i o n

ReDim FreqExp ( ObservedRows )

ReDim FreqObs ( ExpectedRows )

' I n i t i a l i z a t i o n o f v a r i a b l e s t o co u n t s t r a t a o f minimum s i z e .

Dim S t r a t a R e g r o u p e d As I n t e g e r

Dim l a s t As I n t e g e r

S t r a t a R e g r o u p e d = 0

l a s t = 0

a c c u m u l a t o r = 0

' I n i t i a l s t a t e m e n t o f a r r a y s o f r e g r o u p e d f r e q u e n c i e s f o r o b serv ed and

' e x p e c t e d v a l u e s . F r e q u e n c i e s t h a t w i l l r e s u l t f rom r e g r o u p i n g s t r a t a by

' r e q u e r i m e n t o f minimum s i z e .

Dim FreqExpReg ( ) As Double

Dim FreqObsReg ( ) As Double

' I n i t i a l a s s i g n m e n t o f Ex cel v a l u e s t o f r e q u e n c y a r r a y s ( e x p e c t e d and

' o b serv ed ) .

' Ex p ec t ed

ne = 0

For Each x In Ex p ect ed

ne = ne + 1

FreqExp ( ne ) = x . Value

Next x

' Observed

no = 0

For Each x In Observed

no = no + 1

FreqObs ( no ) = x . Value

Next x

' Grouping i n s t r a t a o f s i z e g r e a t e r t h a n o r e q u a l t o Minimum .

' P r e p a r e t h e a r r a y o f v a l u e s f o r s u b s e q u e n t a s s i g n m e n t t o t h e

' f r e q u e n c y m a t r i x o f t h e s t r a t a o f v a l i d s i z e .

' add t o t h e minor n e a r e s t . S t a r t : f i r s t

I f FreqExp ( 1 ) < Minimum Then

FreqExp ( 2 ) = FreqExp ( 2 ) + FreqExp ( 1 )

FreqObs ( 2 ) = FreqObs ( 2 ) + FreqObs ( 1 )

FreqExp ( 1 ) = 0

FreqObs ( 1 ) = 0

E l s e

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

l a s t = 1

End I f

For i = 2 To ObservedRows − 1

I f l a s t > 0 Then

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( FreqExp ( i + 1 ) > FreqExp ( l a s t ) ) Then

FreqExp ( l a s t ) = FreqExp ( l a s t ) + FreqExp ( i )

FreqObs ( l a s t ) = FreqObs ( l a s t ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

E l s e I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( FreqExp ( i + 1 ) <= FreqExp ( l a s t ) ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

End I f

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( l a s t = 0 ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) > 0 ) And ( FreqExp ( i − 1 ) < FreqExp ( i + 1 ) ) Then

FreqExp ( i − 1 ) = FreqExp ( i − 1 ) + FreqExp ( i )
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FreqObs ( i − 1 ) = FreqObs ( i − 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

l a s t = i − 1

E l s e I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) > 0 ) And ( FreqExp ( i − 1 ) >= FreqExp ( i + 1 ) ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

I f FreqExp ( i ) >= Minimum Then

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

l a s t = i

End I f

Next i

I f FreqExp ( ObservedRows ) < Minimum Then

FreqExp ( l a s t ) = FreqExp ( l a s t ) + FreqExp ( ObservedRows )

FreqObs ( l a s t ) = FreqObs ( l a s t ) + FreqObs ( ObservedRows )

FreqExp ( ObservedRows ) = 0

FreqObs ( ObservedRows ) = 0

E l s e

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

End I f

' C o n t r o l o f samp l e s i z e l e s s t h a n Minimum . No s t r a t a o f minimum s i z e .

I f S t r a t a R e g r o u p e d = 0 Then

MsgBox ”No s t r a t a o f minimum s i z e ”

GoTo f i n a l

End I f

' Ass i g n men t o f t h e number o f t h e r e g r o u p e d s t r a t a t o t h e

' C h i S q u a r e d T e s t S t r a t a R e g f u n c t i o n .

C h i S q u a r e d T e s t S t r a t a R e g = S t r a t a R e g r o u p e d

' ****************** Omi t t ed f o r i t e r a t i v e u se ( S o l v e r ) ******************
' V e r i f i c a t i o n : T o t a l o f o b serv ed v a l u e s i s e q u a l t o t h e t o t a l o f

' e x p e c t e d v a l u e s .

'

' Dim t o t a l o b s As Double

' Dim t o t a l e x p As Double

' For Each x In Observed

' t o t a l o b s = t o t a l o b s + x . Value

' Next x

'

' For Each x In Ex p ect ed

' t o t a l e x p = t o t a l e x p + x . Value

' Next x

' I f t o t a l o b s <> t o t a l e x p Then

' MsgBox ” T o t a l o b serv ed d o es n o t match t o t a l e x p e c t e d ”

' E l s e

' End I f

'*************************************************************************

' I n i t i a l i z a t i o n o f f r e q u e n c y a r r a y s .

Erase FreqExp ( )

Erase FreqObs ( )

Erase FreqExpReg ( )

Erase FreqObsReg ( )

f i n a l :

End F u n c t i o n

Listing 4: VBA in Excel code. Observed and expected values

F u n c t i o n ChiSquaredTesObsExpVal ( Observed As Range , Ex p ec t ed As Range ,

Minimum As I n t e g e r ) As Double ( )

' The o b serv ed and e x p e c t e d v a r i a b l e s a r e d e c l a r e d as c e l l r a n g e s

' and we u se t h e Minimum v a r i a b l e t o s e t t h e minimum number o f

' e l e m e n t s f o r each s t r a t a .

' S t a t e m e n t o f c h i v a r i a b l e and o b serv ed and e x p e c t e d f r e q u e n c y

' m a t r i c e s .

Dim v a l u e s ( ) As Double

Dim FreqExp ( ) As Double

Dim FreqObs ( ) As Double

' C o r r e c t S e l e c t i o n o f Observed and Ex p ect ed Data Range

' By rows

ObservedRows = Observed . Rows . Count

ExpectedRows = Ex p ect ed . Rows . Count

' By columns

ObservedColumns = Observed . Columns . Count

ExpectedColumns = Ex p ect ed . Columns . Count

I f ObservedColumns <> ExpectedColumns Then

MsgBox ” I n c o r r e c t s e l e c t i o n ”

GoTo f i n a l
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End I f

I f ObservedRows <> ExpectedRows Then

MsgBox ” I n c o r r e c t s e l e c t i o n ”

GoTo f i n a l

End I f

' R e s i z e t h e m a t r i c e s from t h e i r a c t u a l d i men s i o n a c c o r d i n g t o u s e r d a t a

' s e l e c t i o n

ReDim FreqExp ( ObservedRows )

ReDim FreqObs ( ExpectedRows )

ReDim v a l u e s ( ObservedRows , 2 )

' I n i t i a l i z a t i o n o f v a r i a b l e s t o co u n t s t r a t a o f minimum s i z e .

Dim S t r a t a R e g r o u p e d As I n t e g e r

Dim l a s t As I n t e g e r

S t r a t a R e g r o u p e d = 0

l a s t = 0

a c c u m u l a t o r = 0

' I n i t i a l s t a t e m e n t o f a r r a y s o f r e g r o u p e d f r e q u e n c i e s f o r o b serv ed and

' e x p e c t e d v a l u e s . F r e q u e n c i e s t h a t w i l l r e s u l t f rom r e g r o u p i n g s t r a t a by

' r e q u e r i m e n t o f minimum s i z e .

' Ex p ec t ed

ne = 0

For Each x In Ex p ect ed

ne = ne + 1

FreqExp ( ne ) = x . Value

Next x

' Observed

no = 0

For Each x In Observed

no = no + 1

FreqObs ( no ) = x . Value

Next x

' Grouping i n s t r a t a o f s i z e g r e a t e r t h a n o r e q u a l t o Minimum .

' P r e p a r e t h e a r r a y o f v a l u e s f o r s u b s e q u e n t a s s i g n m e n t t o t h e

' f r e q u e n c y m a t r i x o f t h e s t r a t a o f v a l i d s i z e .

' add t o t h e minor n e a r e s t . S t a r t : f i r s t

I f FreqExp ( 1 ) < Minimum Then

FreqExp ( 2 ) = FreqExp ( 2 ) + FreqExp ( 1 )

FreqObs ( 2 ) = FreqObs ( 2 ) + FreqObs ( 1 )

FreqExp ( 1 ) = 0

FreqObs ( 1 ) = 0

E l s e

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

l a s t = 1

End I f

For i = 2 To ObservedRows − 1

I f l a s t > 0 Then

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( FreqExp ( i + 1 ) > FreqExp ( l a s t ) ) Then

FreqExp ( l a s t ) = FreqExp ( l a s t ) + FreqExp ( i )

FreqObs ( l a s t ) = FreqObs ( l a s t ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

E l s e I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( FreqExp ( i + 1 ) <= FreqExp ( l a s t ) ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

End I f

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) = 0 ) And ( l a s t = 0 ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) > 0 ) And ( FreqExp ( i − 1 ) < FreqExp ( i + 1 ) ) Then

FreqExp ( i − 1 ) = FreqExp ( i − 1 ) + FreqExp ( i )

FreqObs ( i − 1 ) = FreqObs ( i − 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

l a s t = i − 1

E l s e I f ( FreqExp ( i ) < Minimum ) And ( FreqExp ( i − 1 ) > 0 ) And ( FreqExp ( i − 1 ) >= FreqExp ( i + 1 ) ) Then

FreqExp ( i + 1 ) = FreqExp ( i + 1 ) + FreqExp ( i )

FreqObs ( i + 1 ) = FreqObs ( i + 1 ) + FreqObs ( i )

FreqExp ( i ) = 0

FreqObs ( i ) = 0

End I f

I f FreqExp ( i ) >= Minimum Then

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

l a s t = i

End I f

Next i

I f FreqExp ( ObservedRows ) < Minimum Then
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FreqExp ( l a s t ) = FreqExp ( l a s t ) + FreqExp ( ObservedRows )

FreqObs ( l a s t ) = FreqObs ( l a s t ) + FreqObs ( ObservedRows )

FreqExp ( ObservedRows ) = 0

FreqObs ( ObservedRows ) = 0

E l s e

S t r a t a R e g r o u p e d = S t r a t a R e g r o u p e d + 1

End I f

' C o n t r o l o f samp l e s i z e l e s s t h a n Minimum . No s t r a t a o f minimum s i z e .

I f S t r a t a R e g r o u p e d = 0 Then

MsgBox ”No s t r a t a o f minimum s i z e ”

GoTo f i n a l

End I f

' Ass i g n men t o f t h e r e g r o u p e d s t r a t a v a l u e s t o t h e ” v a l u e s ” a r r a y .

For i = 1 To ObservedRows

v a l u e s ( i , 1 ) = FreqObs ( i )

v a l u e s ( i , 2 ) = FreqExp ( i )

Next i

' Ass i g n men t o f t h e ” v a l u e s ” a r r a y t o t h e ChiSquaredTesObsExpVal f u n c t i o n .

ChiSquaredTesObsExpVal = v a l u e s

' ****************** Omi t t ed f o r i t e r a t i v e u se ( S o l v e r ) ******************
' V e r i f i c a t i o n : T o t a l o f o b serv ed v a l u e s i s e q u a l t o t h e t o t a l o f

' e x p e c t e d v a l u e s .

'

' Dim t o t a l o b s As Double

' Dim t o t a l e x p As Double

' For Each x In Observed

' t o t a l o b s = t o t a l o b s + x . Value

' Next x

'

' For Each x In Ex p ect ed

' t o t a l e x p = t o t a l e x p + x . Value

' Next x

' I f t o t a l o b s <> t o t a l e x p Then

' MsgBox ” T o t a l o b serv ed d o es n o t match t o t a l e x p e c t e d ”

' E l s e

' End I f

'*************************************************************************

' I n i t i a l i z a t i o n o f f r e q u e n c y a r r a y s .

Erase FreqExp ( )

Erase FreqObs ( )

Erase v a l u e s ( )

f i n a l :

End F u n c t i o n

Listing 5: Mathematica code. Number of regrouped strata

P e a r s o n T e s t S t r a t a [ e x p L i s t , m i n I n t e g e r ] : =

Module[{ l a s t , s t r a t a , i , s t r a t a r e g } , { s t r a t a = Len g t h [ exp ] ;

expSUB = exp ;

l a s t = 0 ;

{{I f [ expSUB [ [ 1 ] ] < min , {expSUB [ [ 2 ] ] = expSUB [ [ 2 ] ] + expSUB [ [ 1 ] ] ,

expSUB [ [ 1 ] ] = 0} , l a s t = 1]} , {For [ i = 2 , i <= s t r a t a − 1 , i ++ ,

{{I f [

l a s t > 0 , {{I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] >

expSUB [ [ l a s t ] ] ) , {expSUB [ [ l a s t ] ] =

expSUB [ [ l a s t ] ] + expSUB [ [ i ] ] ,

expSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] <=

expSUB [ [ l a s t ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0}]}}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] == 0 ) \[And ] ( l a s t ==

0 ) , {expSUB [ [ i + 1 ] ] = expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

expSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] <

expSUB [ [ i + 1 ] ] ) , {expSUB [ [ i − 1 ] ] =

expSUB [ [ i − 1 ] ] + expSUB [ [ i ] ] , expSUB [ [ i ] ] = 0 ,

l a s t = i − 1}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] >=

expSUB [ [ i + 1 ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] , expSUB [ [ i ] ] = 0}]} , { I f [

expSUB [ [ i ] ] >= min , l a s t = i ]}}]} , { I f [

expSUB [ [ s t r a t a ] ] <

min , {expSUB [ [ l a s t ] ] = expSUB [ [ l a s t ] ] + expSUB [ [ s t r a t a ] ] ,

expSUB [ [ s t r a t a ] ] = 0}]}};

ex p reg = {};

For [ i = 1 , i <= s t r a t a , i ++ ,
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I f [ expSUB [ [ i ] ] >= min , AppendTo [ ex p reg , expSUB [ [ i ] ] ] ] ] ;

s t r a t a r e g = Len g t h [ ex p reg ]} ; Lab el [ End ] ;

R et u rn [ s t r a t a r e g ] ] ;

Listing 6: Mathematica code. P-value

P e a r s o n T e s t p V a l u e [ o b s L i s t , e x p L i s t , m i n I n t e g e r ] / ;

Len g t h [ obs ] == Len g t h [ exp ] : =

Module[{ l a s t , ch i , s t r a t a , i , s t r a t a r e g ,

p v a l u e} , { s t r a t a = Len g t h [ exp ] ;

obsSUB = obs ;

expSUB = exp ;

l a s t = 0 ;

{{I f [ expSUB [ [ 1 ] ] < min , {expSUB [ [ 2 ] ] = expSUB [ [ 2 ] ] + expSUB [ [ 1 ] ] ,

obsSUB [ [ 2 ] ] = obsSUB [ [ 2 ] ] + obsSUB [ [ 1 ] ] , expSUB [ [ 1 ] ] = 0 ,

obsSUB [ [ 1 ] ] = 0} , l a s t = 1]} , {For [ i = 2 , i <= s t r a t a − 1 , i ++ ,

{{I f [

l a s t > 0 , {{I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] >

expSUB [ [ l a s t ] ] ) , {expSUB [ [ l a s t ] ] =

expSUB [ [ l a s t ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ l a s t ] ] = obsSUB [ [ l a s t ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] <=

expSUB [ [ l a s t ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] = 0}]}}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] == 0 ) \[And ] ( l a s t ==

0 ) , {expSUB [ [ i + 1 ] ] = expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] <

expSUB [ [ i + 1 ] ] ) , {expSUB [ [ i − 1 ] ] =

expSUB [ [ i − 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i − 1 ] ] = obsSUB [ [ i − 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0 ,

l a s t = i − 1}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] >=

expSUB [ [ i + 1 ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0}]} , { I f [ expSUB [ [ i ] ] >= min ,

l a s t = i ]}}]} , { I f [

expSUB [ [ s t r a t a ] ] <

min , {expSUB [ [ l a s t ] ] = expSUB [ [ l a s t ] ] + expSUB [ [ s t r a t a ] ] ,

obsSUB [ [ l a s t ] ] = obsSUB [ [ l a s t ] ] + obsSUB [ [ s t r a t a ] ] ,

expSUB [ [ s t r a t a ] ] = 0 , obsSUB [ [ s t r a t a ] ] = 0}]}};

ex p reg = {}; o b s r e g = {};

For [ i = 1 , i <= s t r a t a , i ++ ,

I f [ expSUB [ [ i ] ] >= min , {AppendTo [ ex p reg , expSUB [ [ i ] ] ] ,

AppendTo [ o b s r eg , obsSUB [ [ i ] ] ] } ] ] ;

c h i = N[ T o t a l [ ( o b s r e g − ex p reg ) ˆ 2 / ex p reg ] ] ;

s t r a t a r e g = Len g t h [ ex p reg ] ;

p v a l u e =

S u r v i v a l F u n c t i o n [ C h i S q u a r e D i s t r i b u t i o n [ s t r a t a r e g − 1 ] , c h i ]} ;

I f [ T o t a l [ exp ] != T o t a l [ obs ] ,

P r i n t [ ” T o t a l o b serv ed d o es n o t match t o t a l e x p e c t e d . ” ,

” p−v a l u e ” , p v a l u e ] , R et u rn [ p v a l u e ] ] ]

Listing 7: Mathematica code. Summary of Chi-square Test results

P e a r s o n T e s t [ o b s L i s t , e x p L i s t , m i n I n t e g e r ] / ;

Len g t h [ obs ] == Len g t h [ exp ] : =

Module[{ l a s t , ch i , s t r a t a , i , s t r a t a r e g ,

p v a l u e} , { s t r a t a = Len g t h [ exp ] ;

obsSUB = obs ;

expSUB = exp ;

l a s t = 0 ;

{{I f [ expSUB [ [ 1 ] ] < min , {expSUB [ [ 2 ] ] = expSUB [ [ 2 ] ] + expSUB [ [ 1 ] ] ,

obsSUB [ [ 2 ] ] = obsSUB [ [ 2 ] ] + obsSUB [ [ 1 ] ] , expSUB [ [ 1 ] ] = 0 ,

obsSUB [ [ 1 ] ] = 0} , l a s t = 1]} , {For [ i = 2 , i <= s t r a t a − 1 , i ++ ,

{{I f [

l a s t > 0 , {{I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] >

expSUB [ [ l a s t ] ] ) , {expSUB [ [ l a s t ] ] =

expSUB [ [ l a s t ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ l a s t ] ] = obsSUB [ [ l a s t ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] ==

0 ) \[And ] ( expSUB [ [ i + 1 ] ] <=

expSUB [ [ l a s t ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

15



obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] = 0}]}}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] == 0 ) \[And ] ( l a s t ==

0 ) , {expSUB [ [ i + 1 ] ] = expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 ,

obsSUB [ [ i ] ] =

0}]} , { I f [ ( expSUB [ [ i ] ] < min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] <

expSUB [ [ i + 1 ] ] ) , {expSUB [ [ i − 1 ] ] =

expSUB [ [ i − 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i − 1 ] ] = obsSUB [ [ i − 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0 ,

l a s t = i − 1}]} , { I f [ ( expSUB [ [ i ] ] <

min ) \[And ] ( expSUB [ [ i − 1 ] ] >

0 ) \[And ] ( expSUB [ [ i − 1 ] ] >=

expSUB [ [ i + 1 ] ] ) , {expSUB [ [ i + 1 ] ] =

expSUB [ [ i + 1 ] ] + expSUB [ [ i ] ] ,

obsSUB [ [ i + 1 ] ] = obsSUB [ [ i + 1 ] ] + obsSUB [ [ i ] ] ,

expSUB [ [ i ] ] = 0 , obsSUB [ [ i ] ] = 0}]} , { I f [ expSUB [ [ i ] ] >= min ,

l a s t = i ]}}]} , { I f [

expSUB [ [ s t r a t a ] ] <

min , {expSUB [ [ l a s t ] ] = expSUB [ [ l a s t ] ] + expSUB [ [ s t r a t a ] ] ,

obsSUB [ [ l a s t ] ] = obsSUB [ [ l a s t ] ] + obsSUB [ [ s t r a t a ] ] ,

expSUB [ [ s t r a t a ] ] = 0 , obsSUB [ [ s t r a t a ] ] = 0}]}};

ex p reg = {}; o b s r e g = {};

For [ i = 1 , i <= s t r a t a , i ++ ,

I f [ expSUB [ [ i ] ] >= min , {AppendTo [ ex p reg , expSUB [ [ i ] ] ] ,

AppendTo [ o b s r eg , obsSUB [ [ i ] ] ] } ] ] ;

c h i = N[ T o t a l [ ( o b s r e g − ex p reg ) ˆ 2 / ex p reg ] ] ;

s t r a t a r e g = Len g t h [ ex p reg ] ;

p v a l u e =

S u r v i v a l F u n c t i o n [ C h i S q u a r e D i s t r i b u t i o n [ s t r a t a r e g − 1 ] , c h i ]} ;

I f [ T o t a l [ exp ] != T o t a l [ obs ] ,

P r i n t [ ” T o t a l o b serv ed d o es n o t match t o t a l e x p e c t e d . ” ,

” Chi s t a t i s t i c ” , ch i , ” p−v a l u e ” , p v a l u e ,

” Observed v a l u e s r e g r o u p e d ” , o b s r eg ,

” Ex p ect ed v a l u e s r e g r o u p e d ” , ex p reg ] ,

Rule [{” Chi s t a t i s t i c ” , ” p−v a l u e ” , ” Observed v a l u e s r e g r o u p e d ” ,

” Ex p ect ed v a l u e s r e g r o u p e d ”} , {ch i , p v a l u e , o b s r eg , ex p reg } ] ] ]
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Table A14. Case 2. Sample values (N = 50) generated for a standard normal distribution with 
the rnorm function in R.

−0.65618448 −1.54766098 0.17835732 0.00138515 −1.40268582

−0.20245233 0.484569688 0.66742264 0.39006195 0.82936868

−0.79846811 1.56794024 0.17461046 0.17167498 2.17726899

−0.55908895 0.735762715 0.56947521 −0.71881009 −0.81875671

0.2486506 0.042690025 −0.96268114 −0.44881241 −0.40618589

0.50259586 −0.88656895 −0.00530998 0.82506957 0.14533868

−0.80817805 −0.10141299 −0.56441779 −1.10274085 −0.10099009

0.00394035 −0.15807742 0.59004733 1.33483171 −0.06117801

2.75651035 0.73222822 −0.7226212 0.06114264 −1.01208944

0.18956141 0.766926096 0.91360816 −0.53365171 0.3428841
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